Chapter 6

Price and Greeks of Standard Options

In the last section we have seen that in the Black-Scholes model the theoretical fair
value of some european option with payoff H = H(Sr) is given by the one dimensional
integral
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FVgs = e /IR;H(SQ(? 2 )6 2 Vo (61)
The case of a call and a put option is of particular interest and because of their importance,
we write down the corresponding formulae into this separate chapter. Before we do that,
let us introduce the option sensitivities, the “greeks”:

Definition 6.1: Let H = H({S:}o<:<r) be the payoff of some (possibly path dependent)
option and let

th = FV(St,O', T,t) (62)

denote the time ¢ theoretical fair value of H (evaluated with respect to some asset price
model, not necessarily the Black-Scholes model). Here S; is the asset price at time ¢, o
denotes the volatility and  denotes the interest rates. Then the following abbreviations has
been become standard in the derivatives community (listed with decreasing importance):

o = 85;‘? (delta) (6.3)
vega = 44 (vega) (6.4)
p = %h (rho) (6.5)
0 = 2Lu (theta) (6.6)
voi= a;z;fvt (gamma) (6.7)

Now let us summarize the formulae for call and put options:
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Theorem 6.1: Consider a call and a put option with strike K and maturity 7T,

Hcau = max{ST—K,O}
Hyw = max{K —Sp,0}

and let FVZY, and FV39, denote their time ¢ theoretical fair values in the Black-Scholes
model. Let

U
]
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x 2
N(z) = / e (6.10)
denote the cumulative normal distribution function and define the quantities

log 5t + )T —t
g, = rtrEH)T-1 (6.11)
oVT —t

such that d, —d_ = o+/T —t. Then there are the following formulae:

Fair Value:

FVaie = S:N(dy) — Ke " TIN(d-) (6.12)
FVB, = —SiN(—dy)+ Ke " IN(=d_) (6.13)

Delta:
dean = N(dy) (6.14)
5put == —N(—d+) (615)

Vega:
vegacan = SiN'(dy)VT —t (6.16)
VE€Gaput — VEGQcall (617)

Rho:
Pcall = K(T_t)e_r(T_t)N(d—) (618)
pout = —K(T—t)e ™" IN(—d_) (6.19)

Theta:

g
Ot = —S——-N'(d,) —rKe "TYN(d_ 6.20
11 t2\/T——t ( +> rne ( ) ( )

g
0. = —S——=N'(—d Ke " T-ON(—d_ 6.21
put t2\/T——t ( +) +rie ( ) ( )
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Gamma:
N'(dy)
ca = 6.22
Jeall oV T — tSt ( )
Tput =  Yeall (623)

Proof: In the Black-Scholes model, the time t theoretical fair value of some european
option with maturity 7" > t and payoff H = H(S7) is given by

N R
FVPS = e /R H (STt o= (6.24)
Let us abbreviate
T = T—1 (6.25)
= o\T (6.26)
b = (r—o°/2)7 (6.27)
and define z( as the solution of the equation
Stem/T—t:L‘-&-(r——)(T t) _ Steax-i-b ; K (628)
That is,
zo = +log(K/S;)—2 (6.29)
Then
562
R
—rT ax+b _z? dx
= e /Rmax{Ste Jr—K,O}e v
o 12
= o [ (sert oK )e T
" 2 o 1 2
— efr‘rSt eb+"‘2/ e*ﬁ(xfa) x - ’I‘TK/
Zo
a2
= ¢S T N(—xg+a)— e "KN(—x
= S, N(dy)—e " HDKN(_) (6.30)
since

—ag = Llog(S,/K)+b = LSt _ g
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and —xg + a = d_ + o/7 = d,. Furthermore
—rr+b+ad*/2 = —r7+ (r—0?/2)T+ (0/7)?/2 = 0
which results in the last line of (6.30). The proof for the put fair value is similar. In
particular, since
N(d)+ N(—=d) = 1

we get from (6.12,6.13)

FV]cBaSll,t - Ffot,t = S —e"TIEK (6.31)
This relation is called ‘call-put parity’.

Delta: To compute the delta we use the third line of (6.30) instead of the last one. We
get

) x .
Ocall (St, ) = ﬁ{‘?”/ (Stea“b—K)e2jT%}
t

Zo

(o] 2 zg
_ —rT ax+b —%Z- dx —rT azro+b e 2 Oz
= e / e e 7= — e " (Se °+—K2 e 9e
0 ~~
=0
— N(d,) (6.32)

since the above integral is the same as the first integral in (6.30), up to the factor of S;
which has been differentiated away. Finally it follows from call-put parity that

5put(S’ t) = N(d+) —1= _N(_d+) :
Vega: Again we use the third line of (6.30):

) = P
Uegacall(sh t) = ((9_0' {6_”— / (St eaz+b — K) e 2 \‘/1—2%}

zo

o)
2
_ —rT da ob\ jax+b ,—% dx _ _—rT azo+b __ e 2 9dzq
= e / St(angr ac,)e ez = e \(Ste K)j — D
o) v

=0

_ —rT b+§5 OO(\/_ _ ) 7(1_2a)2d_x
= e e f T —OT)e T

o

° (z—a)?
= St\/F/ (x —a) e*T\;l—%
zo

_((L’fG,)Q 0o _(”Oga)2

€ 2 (&

= S — SN =
|- ] VT
_(=dp)? L

= Sﬁi = S\/Fe_
' V2r ' V2m

The vega for the put follows again from call-put parity. The remaining formulae may be
looked up, for example, in the book on Quantitative Finance, Vol.1, by Paul Wilmott. Il

— ST N(dy) (6.33)



