Chapter 19

The Black-Scholes-Vasicek Model

The Black-Scholes-Vasicek model is given by a standard time-dependent Black-Scholes
model for the stock price process \S;, with time-dependent but deterministic volatility og,
and with interest rates r = r; which are assumed to be not constant, but stochastic. That
is, under the risk neutral measure, (we ignore dividends)

ds
—1 = rdt +0s,dB? (19.1)
St

with interest rates given by a mean reverting Ornstein-Uhlenbeck or Vasicek process,

dry = Kk(F — ry)dt + o,.dB; (19.2)

with a constant interest rate volatility o,. This model is in particular relevant for pricing
longer dated options with maturities of 5, 10 or 20 years. The Brownian motions dB*° and
dB" may have a non vanishing correlation,

dB; -dB} = pdt (19.3)
The solutions to (19.1) and (19.2) are given by (¢t > s)
S, = S,elitru=odu/Ddut];osudB] (19.4)
and
re = e 7 (1— e ) 4ot [T entd B (19.5)
For the model (19.1,19.2), there is a closed form solution for plain vanilla calls and

puts. For a constant (time independent) stock volatility os; = og, a derivation can be
found in [1]. For time dependent volatility the derivation is similar. There is the following
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Theorem 19.1: Let, under the risk neutral measure, the stock and interest rate processes
(S¢, ) be given by (19.1,19.2) and let g.(t) be given by

ge(t) = == (19.6)

Then the following statements hold:
a) Let H = H(Sr,r7) be some non exotic payoff with maturity 7. Then:

V(Siret,T) = E e ™ H(Sp,rr) | Siri]

_NT _o?+e?
= PT) [ H(a e TV n(0.0)e RE 9)
where
0.2

ror(9,6) = T4 e T — 1) = 5 g (T — 1)

+ 0,/ g2u(T — t) X [pt,T o+ (1— P?,T)I/2 5] (19.8)
T 7K(T7u)d ar _4)2

P OSu € u + Ik T—t

o = P 7 97— 1) (19.9)

\/ U, T an(T - t)

v is given in (b) below and P(¢,T) is the price of a zero bond in the Vasicek model,

P(t,T) = E[e‘ftT”dsM“t}
= A(t,T) e 9= (19.10)
(- 22) o2 2
A, T) = e\a) lonlT=0 ==} = 500 (T0) (19.11)

b) The price of a plain vanilla european call/put is given by (e = 41 for call, ¢ = —1 for
put)
V(Sy,t,T) = €{S;N(edy)— P(t,T) KN(ed_)} (19.12)

where

St
log [%} + v /2
d, = (19.13)

(o

T
v = / {Ugﬂu +2p0, 054 9u(T —u) + 02 g (T — u)2}du (19.14)
t

Remarks: (i) Since interest rates have dimension 1/time, the IR volatility o, has dimen-
sion 1/ time2. The stock volatility has dimension 1/+v/time and r has dimension 1/time.
Thus v, r in (19.14) above is indeed a dimensionless quantity as it should be.
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(ii) For constant stock volatility g, = 05 =: 0,

T —r(T—u) _e—r(T—t) _o—2r(T—t)
1—e du + (T—t—2leﬁ +1e )

vy = 0T —1t)+2po.0 S

::gaT_o+%am§@_t_tq#ﬁ)+§gu¢_y%*““+Pf“”%

K 2K

or, with 7 :=T —t,

v =) = 0?XT + 2p0o0, X %”(T) + o2 % %W (19.15)
and
pr = p(r) = ° 79D) + 5 onlr) (19.16)
v(T) v/ 924(T)
Proof of Theorem: We have to compute the expectation
V(Si,rit,T) = E [e‘ftT“dSH(ST,rT) | St,rt] (19.17)
—E [6_ Jr rsdsH<St Il ru=o?  /2)du [ as’ung’rT> ISt,Tt]
with
Sy = Spelt rumodu/2dutf] osudB] (19.18)
re = e T 47 (1— e T D) 4 g, e [T emedBr (19.19)
satisfy the SDE’s
B = rdt+os.dB;) (19.20)
dry = R(F—ry)dt+ o.dB;] (19.21)
with correlated Brownian motions
dB; -dB; = pdt (19.22)
We have
ST rady = I (g ) T e

= wr + o, [ g.(T —v)dB; (19.23)
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where we introduced the notation

= Sy g (Tt ) (19.24)
ge(t) = === (19.25)
Introducing further
nr = L[ o%, du (19.26)
and
dB] = dB, (19.27)
dBS = pdB,++\/1— p*dZ, (19.28)

with two independent Brownian motions dB; and dZ;, the expectation (19.17) reads

V(S e, t,T) = 6_“”/6_0TftTg“(T_u)dB“>< (19.29)
H(St eher e tor [ gx(T—w)dBu+ ;" o5, (pdBut 1—p2dzu>,rT>dw<B)dw(Z>

where dW (B) = dW ({ By }t<u<r) denotes the Wiener measure with respect to B.
To eliminate the factor e~ Ji 9«(T=w)dBu in the first line of (19.29), we make the sub-
stitution of variables dB, = dB, + 0,9.(T — u)du or, for s € (¢,T],

By, = By+o, [ g.(T —u)du (19.30)
and leave Z unchanged. Then, by Girsanov’s Theorem
e I 9 (T=w) dBu=307 [T g (T=ulduqyy (BY = AW (B) (19.31)
such that
V(S e, t,T) = e eaor i an(T—u)Pdu (19.32)
/ H( S, elttr—nea+or [ ge(T—u){dBu—orge(T—w) du] 4

. ~ ~
eft o-syu{p[dBu—a,ogm(T—u) du]+ 1—p2dZu}’ TT)d”/ (B)dLL (Z)
— o hurt30R [ gn(T—u)du o

/ H <St em,T—m,T—of ftT gr(T—u)?du—por ftT osugs(T—u)du

el Roos ctoran T BN I 0l ) aW (B)AW (2)
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with rp given by

re = e T 471 — e T) 1 g, ftT e~ T=wdpr

= e 4 7(1 — e T 4 g, ftT e r(T—u) (déu — 0,9:(T — u)du)

= eIy 4+ 7(1 — e T — ég,{(T — )%+ o, ftT e T B,
= qr+Yer

where we abbreviated

G = e T 71— e nT0) = Zg (T — )2
K,T = Oy ftT eiﬁ(Tiu)dBu
and we used the relation

T e—w(T—u) _p—2r(T—u)

LT e T g (T —u)du = |

— du

(1 — e (T e D)

. (1 o 26—K(T—t) + e—QH(T—t))
ge(T —t)?

=

K

|-

N DN

The random variables

Xer = ftT {posu+ 0,9:(T —u)} dB, + /1 — p? ftT osudZ,
}/t,T = Oy J;T G_K(T_u) dBu

are Gaussian with mean 0 and variances

2
v = VX = ftT { [posu+ 009:(T —u)]” + (1 — pz)ag,u} du
Wy = VD/;?,T] — 03 ﬁT 6—2}-@(T—u)du
= 02 (T —t)
COV(Xt7T’ Y;,T) = ‘/;T{po'ro-s7u e*ﬁ(T*U) + O-ngZ(T _ U)G*K(Tfu) }du
= por ftT osu e T du + égﬁ(T —t)?

where we used (19.36) again in the last line. Thus, introducing

For = wr—mr— 03 ftT 9x(T — u)Qdu — POy ftT 05ugs(T — u) du
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and recalling v = ¢, 7 + Y 7, we obtain

_ 1,2 (T —u)2
V(Sbrt;t) T) = € 'ut’T—i_?o-Tft gK(T U) du X
1 -1 Xe1
_*(Xt,Tayt,T)CtT( ¢ ) dX; rdY,
/ H(St eFt’T+Xt’T7qt7T+K7T)e 2 ) Yi 1T det Ct,T t,;r t,T
R2

— om0} [ gn(T—u)du (19.43)

_1 T —1(z X
/]R2 H(St eftrtvoeT e Gy, + /W T y)e 2@ Rr(y) det Ry dQ:y
(19.44)

where

V[XnT] COV(Xt,T7 K,T)) (19 45)

O pu—
br (COV(Xt,Ta YZ,T) V[YZ,T]

denotes the covariance matrix of X, and Y;r and R;7 the corresponding correlation
matrix,

1
Rir = ( W’) (19.46)

per 1
with
Cov(Xy 7, Yir)
VX7 V[Yir]
POy LT OSu e_H(T_u)dU + %39&<T B t)2
Vorr 02 gan(T — t)
pJ o5 e ™ T du + % g, (T — t)?

_ (19.47)
\/m QQH(T - t)

Transforming to independent Gaussians,

Pt =

V o= emrtiol [T on(T—udu (19.48)

z2+ 2 -
/R H($: BT gup - fTT (e + (L= pi) V) e G

For the special case H = 1, (19.17) and the last equation reduce to

V = P(t,T) = E[e & e |n]

— o her+302 [ gu(T—u)?du (19.49)
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With that, we obtain

Fyr

T T
g _ em,T—UE [ 9x(T—u)?du—por [ 05 ugs(T—u) du—ng 1

e %072” ftT 9 (T—u)?du—poy ftT o8,ugrn(T—u) du—ne,T /P(t7 T)

=: ™7 /P(t,T) (19.50)
where we introduced
myr = —30° ftT 9x(T — u)*du — po, ftT 05ugr(T — u) du — ng 1 (19.51)
From the definition of v; 7 in (19.39)
v = j;T { [posu+ 0v9.(T — uﬂ2 + (1 — ,02)0%7“} du
= ftT {02, +2p0,05u9:(T — u) + 02g.(T —u)?} du (19.52)
such that, recalling (19.26),
myr = —=5t (19.53)

Thus, now for a general H again, continuing with (19.48),

12+y2

V(S t,T) = P(t,T)/ H(P(ftT) emthW”tv”,xt,T(x,y))@‘ Ll
R2 ’

P(t,T) 2m

vy 22442
— P(t,T) / H(Le_T’TJF\/TvT“’”,qu(x,y))e_%M (19.54)
RZ
where

vr(T,y) = o+ Wt (Pt7T$ +(1— P?,T)l/2 y)
— e T (r, — ) — Lg (T — t)>

0,3/ 92(T — ) X [pera+ (1= pip)?y) (19.55)

In particular, for a plain vanilla call H(Sr) = (St — K), the same computation as in the
Black-Scholes case (see chapter 6) gives

Veu(Seri t, T) = P(LT) {587 N(d:) = KN(d) |
— S,N(dy)— P(t,T) KN(d_) (19.56)

where

dy = el 0] e (19.57)
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and this proves the theorem. W

Calibration of the Model to European Call Options

We assume that the interest rate process has already been calibrated to the initial
yield curve ( by using a suitable shift function fOT ridt — fOT{rt + o(t) }dt with a piecewise
constant ¢(t) ) as well as to swaptions and caplets. Now we want to fit the model to ATM
call options on S with the maturities 71,15, ..., T,,. Let oinp(7;) be the implied volatilities
of those call options. We assume that the instantaneous stock volatility

ogy =: o(t)

is piecewise constant on the intervalls [0,7}), [T1,73), ... ,[Tn-1,T]. From the Theorem
19.1 above we find that the implied volatility opsvasimp (Squared, times maturity) of a
plain vanilla call in the BS-Vasicek model with maturity T is given by

Yo,T = Ur = O-]QBSVas,imp<T) xT (1958)
= fOT{a(u)2 +2p0,0 (1) g (T — u) + 02g.(T — u)? }du
For piecewise constant

o),y = 0

the above equation becomes (we write temporarily ¢” instead of o, for the interest rate
vol, to avoid confusion with the equity o;’s)

v = S8 Aol + 200 (w)gu(Ti — u) + (07PgulT: — u)?} du (19.59)

= Y AT =T )+ 20070, [ 0T~ widu + (07 [ g(T; — w)du}

j=1
with 7p := 0. Now the calibration is done by requiring

!

0Bsvasimp(1;) = Ol (T3) = oh*Y(T) = Oimp(T5) (19.60)
for all i = 1,2,...,n. The right hand side of (19.60) is taken from market data, and the
left hand side is given by the expression (19.59). Thus we are led to the following system
of quadratic equations for o;: For alli =1,2,....n

i o T a")? Ty AT;
O'iQmp(T%) = Z {0']2 + QO-J'Z_TJ- T 1 gH(T’z - U)du + (A_T)J ij_l gH(Tz - U)QdU} TZJ (1961)

J=1
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where we put AT; =T, —T;_;. From this set, 01, 09, ..., 0, can be determined inductively
starting with o,: For ¢ = 1, the above equation simplifies to

o (T1) = {01 + 201 8% | " g (T — u)du + 7;1 gx(Ty — u)Qdu} (19.62)

which gives

o” T
o1 = _pATl T()l gli(Tl — u)du

r O—'r 2
+ \/a?mp(Tl) + 2 (& [t 9T — w)du)” — 2[5 g (T — u)2du (19.63)

We have
e—r(t—s)
(1 g T k(t—s) ) (1964)

(1 - 2=t + ) (19.65)

2k(t—s)

i fst gt —u)du =
L [ gt —u)du =

o
fage

For small z := k(t — s) < 1 we may Taylor expand to obtain

1—e=® _ 1-(1—z+x2/2—23/6+0(z*))
z

= 1-242 1 0(2%) (19.66)

Thus,

i fst ge(t —u)du =

A= F|=
TN TN
oy 7
+ |
=%, -
+
Q g
CR
~— @law
+
@)
—~
8
w
SN—
S—
~—

(19.67)

|
-
w||
w
=4
@)
N~
X
—~
~
|
Vo)
N—
o
N~—

2 L gs(t —w)du =

3
—

I
2
—

© w|f,

@)
O(k(t — s)*) (19.68)

Realistic data from IR calibration are x around 10 percent and ¢" around 0.5 to 1 percent,
(at least in pre-financial-crisis times)

k =~ 10%, o" ~ 1% (19.69)

Then, since oimp(7) is around 20 to 40 percent, for maturities less than, say, 5 years such
that 7T; < 0.5 to justify a Taylor expansion,

)2
1mp(T1) A'}l gH(Tl - u)2du ~ 0—12mp(T1) - (OT)2T12/3
2
O—i2mp(T1) - w (1970)
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should be positive. If this is not the case 07 = 0 may be a reasonable choice. Now suppose
that o4, ..., 0,_1 have already been determined. Then o; is obtained from

o’ 2 T; ;
afmp(T,-) = {a + 20: 8% T g,{(Ti —u)du + % fTH 9x(T7 — u)2du} AT—IT
+Si—1(0-17'~70-i—1> (1971)

where we put

i1
{O‘ + 20,82 KT ;:F L 9x(Ti — u)du + (2%2 fgjﬂ gx(T; — u)Qdu} ATIJ (19.72)

=1

If one would substitute in the above expression T; by T;_1, one would obtain the expression

for o2, (Ti—1). Therefore we abreviate
Aot = 0mp(Th) = sici(01, .y 041) (19.73)
Then,
a” T;
0 = —PRE sz  9x(Ti — u)du (19.74)

o i ge(T — w)du)? = T2 [T g (Ty — u)2du

T+ o2

if the above expression is a positive real number and o; = 0 otherwise. Finally,

P LT ) = (1= )

—k(T—t) _g—r(T—s) 672N(T7t)_872H(T75))

i fs 9s(T — u)zdu - L2(1 —2° k(t—s) + 2K(t—s)




