Chapter 11

Barrier and Lookback Options
in the Black-Scholes Model

We now have all ingredients to derive an analytical formula for the price of a barrier
option in the Black-Scholes model. There is the following

Theorem 11.1: Consider the barrier option with payoff
H(ST):max{ST—K,O}X(OglgnTst >B), K>B>0 (11.1)

a ‘down-and-out’ Barrier-Call with strike K, barrier B and maturity 7. Observe that
this is only a reasonable payoff if Sy > B. Let the asset price dynamics be given by a
Black-Scholes model with drift p and volatility o,

d?s: = pdt + odzy
or equivalently

o2
Sp = S = SyermtmT

Let further be Vean (S, t) be the time-t Black-Scholes price of the call max{Sy— K, 0} given

2r

by (6.12) of Theorem 6.1, and let x := Z5. Then the time-t price of the barrier option
(11.1) is given by

VBarrier(S,1) = Vean(S,t) — (%)1_5 vCall(%Qut) (11.2)
where S = S; is the underlying asset price at time ¢ (which is known at time ¢).

Proof: Recall that ¢ = £ — Z. From (10.7), (10.10) and (10.23) we get
. 2
VBarrier(SO,t = O) = e*’”T / H (SO eUyT’ SO eUmlnogth{yt}) ecny?wa({yt}0<t§T)
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2

=T /}R2 (Soe™ = K), x(S0e™ > B) e 7" pyy mingeper () (0, b) dadb
= e [ (Soe < K) (S0 > B) e 5T (<3) ¢ (52) o > D) dads
= erT/Rda (Soe™ — K), e 27 /Rdbx<a> b> —-1og(§0)) (%) ' ()
— e_TT/Rda (Spe® —K)+eca—”2TX(a > ——1og(§°)> = e(52) illog(sBo) (11.3)
= [da (oK) 5 g [l ) - (2R
- /R da (Soe™ — K), Ao e

= e [ da(Soe = ), g e GE 2T 2) o 2t
E— /R da (Spe™ T — k)| L 2

o7 (%) ;/Rda (Soem2osB) _ ) L edr eeom5T

_ erT/Rda (Soeaa+(rf"—22)T_K)+\/21ﬂ’7T6*%

@) [aa e R
= Vean(S0,0) — (%)_(H_l) VCaH(g_jvo) (11.4)

Observe that in (11.3) we used that K > B since otherwise a may be less than ilog S%.
This proves the theorem for ¢t = 0. For general ¢ € [0,T], the result follows from the
following lemma. W

Lemma 11.2: Let dW((tt’g) be the Wiener measure for the Brownian motion on the intervall
[t,T] starting at x; at time ¢. Let

2

S = Sy ermHnm Tt (11.5)

be a geometric Brownian motion and let dW((ttZ})

defined by the kernels p of (9.14). Let H({Sﬁ“)}ogng) = H({Ss(“)}ogsgt, {Sgﬂ)}t<S§T) be
some payoff. Then

/ <{S M)}0<3<T> dw tt;:] ({Zs}<s<r) (11.6)

= /H<{S§M)}0<S<t7 {St(u) BUySJr(Ti07)3}0<5§T7t> dW((())(]T 1 ({ys}0<s§Tft>

be the equivalent martingale measure
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Observe that in this formula the asset prices {Sg“ )}Ogsgt are all known, they have all
realized already, since current time is ¢ and not 0.

Proof: As in Theorem 9.2 we have
/H<{S§M)}OSSST> dW(tti ({5 }es<r)
= /H({Ss(“)}ogsgta {Sém}xng) dW(ttxt] ({zs}es<r)
= /H<{5§“)}0§s§ta{Sﬁr)}xsﬂ) tht:]Jru ey ({Fshi<s<r) (11.7)

For s € (t,T] we have with the definition ¥, := Zy4y — 2, — =51, u > 0,

2

SLET) _ SO ecrzﬁs—s—(r—%)s
= 5 e"(fs—m—wt—ut>+m+<u—r)t+(r—%s
_ S eaysft-i-aa:t—&-(u )t+( 2)(5 t)

= G o= ) () (11.8)

The Wiener measure in the last line of (11.7) is given by (s; = jAt, Ny = t/At)

AT L ((ideer) = Dm U e e g (11.9)
(taapisrp \ U8 JE<s<T At—0 j=Ny 11 V2rAL 55 :

Observe that on the right hand side of (11.9) the variables Ty ., ...,Tsy, are simply
integration variables whereas Z;, = Iy = x; + £="t is the starting point of the Brownian
motion. Because this starting point is not x; but xy + Bt we used the tilde for the

integration variables. x; is related to the price process accordlng to (11.5). Making the
substitution of variables, for t < s < T,

Ys—t ‘= Tg— Ty (11.10)
I _ p—r
= Ts— Ty - t
dysft = dt%s
we obtain (yo := 0)
N (ys~7t*ys'7 7t)2
(t,17] ~ T 1 S s ok
. ({z = lim 24t dys.
(t,:Ber%t)({ S}t<SST) At—0 j= ]1\_7I+1m ysﬂ t
1' Np—N¢ 1 _(ys “Ys, 1) d
= 1m 2At .
At—0 jH1 Varai © Ysi

= dW(S)oT s Yocoer—1) (11.11)
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Therefore,
(1) i (T
/H<{Ss }OSSST> dW(t,xt)({fEs}ngT)
_ / 1 (159 Yogoce (S0 b ez ) AWLMo (7} rcoc)

02 _ ~
= / H ({89 ogocts {51 et =00 ) aW () (i hicosr)

t,m-i—%
0'2 —
= /H<{S§“)}ogs§t,{5t(m €Jys+(r_7)s}o<s§T—t> dW((g’oig Y{ysYocser—s) (11.12)

which proves the lemma. W

Lookback Options
We compute the price of a lookback put with payoff
H({SS}OSSST) = Orélsag)%{ss} — ST (1113)

o2

where S, = S — Sy e?®st(1=5)s i5 a geometric Brownian motion. The price at time
t € (0,7) is given by

— (T E. _
Vi = e B, [01%1822%53 St (11.14)
Let
M; = max Sy (11.15)
0<s<t

There is the following

Theorem 11.3: Let c= . — ¢ and k = % Then the price V;, (11.14), of the lookback
put (11.13) is given by

Ve = e V() - 1)V ()] - 1 v (-
(11.16)

Proof: Since maxo<,<r Ss = max{ M, , max;<s<7 S } and because of the above lemma
we have

V, = efr(T*t) E.- « [maX{Mt7tggi§>§F Sé”)} _ Séﬂ#)] (1117)
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= (Tt EW(OT . [max{]\/[t, max S(” oYt é)s} - St(#) egnyﬁ(Ti%)(Tit)}
(0,0) 0<s<T—t

— e—T(T—t) EW(OT 9 [max{Mt,S(“ 0 mMaxg<s<T— t{ys'i‘(*—*)s}} ,U) e’ yT t+H(Z )(T*t))}

(0,0

We abbreviate T=T—1t, St(“ ) = S; and make a Girsanov transformation ys + c¢s = vy,
c=ZL — 2 Then

C2

Vi = e / [max{M;, §, emvzesr 0y — 5, ¢ ] VAT AWg ({1, Jocuss)
62

= e / [maX{Mt,St e7mosssr vt G e‘”’*] e 2T dW 0,0)({vs fo<s<r)

2
= e_”/ [maX{Mt,St e”b} — S e”“} e 27 X
R2

P(UT € [a,a + da), Orgsaé{vs} €b,b+ db))

N

2
(10.23) 6_7«7/ [maX{Mt, s, eab} S, eUa} e T T (_%) o' <2b_“> x(a < b) dadb
R2

= e85 /]Rz [maX{Jt/St, 6Ub} - e‘m] eca*éT (—=2) ¢’ <2b7“) x(a < b)dadb

\/;
(11.18)
We introduce by > 0 according to
M,;/S, = e" (11.19)
and write
max{M,;/Sy, e’} = M;/S;x(b < bo)+ e x(b > by) (11.20)
This gives
Vi = e 7 St/ [Mt/Stx(b < by) + ePx(b > by) — e‘m} X
: ca—ﬁT 2 1 [ 2b—
T (—2) ngﬂ x(a < b)dadb
2
_ —rT ca—5T1 (2N, 1 [ 2b—a
= e St{ Rth/Stx(a<b<b0)e 2T (=) <ﬁ> da db
+/ e?’x(b > bo) x(b > a) eca_éT (=2) ' <2b_“> da db
R2 B T vT
- e?x(b>a eca_éT —2) ¢ 2b_Ta dadb} 11.21
[t e (< (22) (11.21)

=:€”&{h+&+k}
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We first perform the b-integrals. For I, we obtain

e 1 2b o
L = /Mt/St x(a < bp)e“ =7 (__ﬁ) 2 ( \ﬁa>
R

= [ MSida <ty en i (=) (o (222) — ¢ () dach
)

oo 2
= M,/S, / o5 (— ) (&) dat
bo VT VT
bo 2 .
— M,/S, /_Oo e (= x)e (%) da
© o2 o2
= —M;/S, /) eco—vTa)= 5T \/LQ—7r e” 2 da
ed
by
VT 2 a?
+Mt/5t/ e* Ta_7T\/L2—7T€_7 da

bo

(a+ﬁc)

= —Mt/StQQCbO/J \/12?
70;
= —My/Si (My/S)% (1= N(252) ) + My/S, N (22)

= — (M) (1— N (2222 ) + M,/ S, N ()

—00

where we introduced £ = 2¢ + 1 = 2. The third term in (11.21) becomes

I = —/ ey (b > a) e T (—2) ( >dadb

R2

oa ca——T 1 2b a
e 6 2 —_—— (Q

da

I
|
%\ %\ %\
Q CBQ
Q
[
8
o
3
SH
S
\‘
E\H o
N———
::

since (04 ¢)? — > = (0 + 2¢) = o(0 + 2 — o) = 2r. Finally,

C2
L = / (b 2 bo) X(b > @) T (<2) ' (222 dadb
RZ

NG a—
da‘l—Mt/St/ \/%—ﬂ_e_ \2F
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(11.22)
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[ee] b 5
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%

2 > f o a?
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(11.24) becomes
I, = ——5 €(U+2C)bo( 2" Gogres —20—1—20]\7(”0:}“))
b T (2 e T (et 0) — 2(c+ o) N (!

= oi‘éc elo+2c)bo (1 _ N(bo+7’c)> + 2;1-;(; erT <1 o N(bo—7\'/(;+a))>

(at+v7)?
2

\/,?_
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(11.24)

(11.25)

0—7(c+0o) ) )

(11.26)
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Substituting this in (11.21), we arrive at

v = e”st{‘<Mt/St>“N (—B2) + M/ S N(B7E) + S35, el7H2hN (— )

e o (b - o)

= A [N (E5) - 8N (-] - i1 - (1 N (-]

and the theorem is proven. l



